
Math 564: Real analysis and measure theory
Lecture 3

Observation
.
It (X

,
5) be a measurable space.

(a) Any etbl nounegative live combination of measures on IX
,
3) is a measure

,
i
. e.

ifNn are measures on IX
,
5) and An--O

, KeenZandn is a measure

(6) Any convex combin of probability meas
. on (X, 3) is a prob, meas , i . e . if he he

prob , measures and and-O with a , then and is a pob me

Examples. (a) The zero measure : on any
set X

,
the zero measure is : 0/X) -303.

18) The Dirac /deltal measure/point measure : let X be a set
,
fix a point XoEX.

Define a messive No : O(X) -> 10
, 1) by g

↑
xo (B) = = 26 ifXo a X

This is called the Dirac measure at Xo.

1) Counting measure : on any
set X

,
the counting measure X : P(X) -> 10

,
] is

given by X (B) : = (B1 ifB is unite

Note that when X is ctbl
,
Men 4=y .

Also
,

X is finite when X is finite

refinite etbl

not -finite unctbl

(d) Given a set X
,
define a measure fo on the r-algebra of atbl and conctl subsets

of X as follows :((B) := 10
if B isthl
o
.

W
.



If X is othl When h is the zero measure
.

Def, let IX
,

5
, M) be a measure space .

A set BES is called an atom /or M-atom
if M(B) >O and for all AEB

,
AES

,
wither MIA) = 0 or MIA) = M(B).

A measure space
(X
,
S
, e) is called

atomic (or purely atomich if
atomless if there are no aever

positive recove st in 5 contains an atomo

Caution. The z00 measure is both atomic and atomless.

All measures in examples (a)-() are atomic
.

To define interesting atomless weas.
,

weused to first define them on an algebrat and then extend them to the r-algeb-
i generated by A.

Finitely additive measures and premeasures.

Def
.

Let A be
an algebra on a set X . A function M : A + 10,3 is called a

finitely additive measure losp , a otbly additive measure or premeasure) if

MIA = 0 and h is finitely losp,tbly) additive

Disjoindification trick. For an algebra A , any
<tel unionUAn of sets An EA is equal
I

to a ctbl disjoint union -An of rts An -A .

Proof
. A!: = Ao

,
"A !: = A , I do

,
At=Anl (ApUAl), ..., An := AnYUnAi.

Ai
Ao

Ao A...
Ad

Properties of finitely additive measures. It he be a finitely additive measure on an algebra A on



on a
set X

.
Ther

(a) M is monotone : if AIB How &(A) MIB) for all A
,
BEA.

1) M is itbly super additive : MILAn)CEMA for all Ant witAn

(c) M is finitely subadditive: MLUAu) MAn) fo a A

IfM is moreover otbly additive (i . e . a processue) , then it is

ably cabadditive :
MIVAn)EMA for allAnAwiRVA
f
fin

-

add

Proof
. (a) M (s) = u((B(A) (A) = M(B(A) +M(A)-M(A).

(b) MIYAn) = M(AoLA .
L ...ArLHAn An) +MILAMA

->NMIAn) .
gmonotonicity

1) By the disjoinhitization trick : M/An) =MIAAn)MA
Same forcdbl uniors if

Me is cably additive

Constructions of premeasures ,

Bernoulli premeasures . Let X = 2" Any prob measure on 2 = 1013 is of the form Up (1) = p
and

~p (0) = l-p for some pe(0, 1) . Fixing peCO,1, we will define a premeasure p on the algebra
& of clopen sets of 2n satisfying M/(w]) =Oplots

in wh
up(d)

# of Os in wh
I

This premeasure M is also demoted Up and is called the Bernoulli(p) premeasure.



Recall (from HW) that sets in A are exactly finite disjoint unions of cylinders , so
we first define top on acylinder (v) , wez , by

↑ ((w]) = pots in w . (1 - p)of Osin u) = Up() ots in w . Up(0)# of Os in u),
e
. g. ↑(011003) = p2 Kep)? Then for each BEA

,
we "define

"

M(13) : =I,
where B = 11 Swn]

.
We need to dow that this is well-defined

,

i. e
. doesn't depend

on how N B is written as a disjoint union of cylinders.

Claim (a)
. Y is finitely additive on equal-length cylinders , i

. e . for any cylinder [a]
and neIN

,
·
gu↑ ((w))= (was)

.

\n = 2

Proof . By induction on u
,
it enough to verify 9999"

to n = 1: (w0])+ ((w)= (s) · (l-p)+ (7) · p= (S) ·

Chim (6) . Let AEA and D
., B be two finite partitions of A into cylinders.

Theu

[ (4)= (i). 111P

PEO,

Proof
.

Let I be a common refinement of P
,
and Pr Istill finites

,
and we take

& so that all cylinders in G have the same length (b) splitting each ylinder
into a finite partition ofcylinders of bigger length). Then

5(p) = [ [F(0)=Za==IPt0/P, CP, REG * BDr
Q= P

, Q & P2 Claim (c)
Chaim (a)



Claim (b) How the well-definednes of Mp on A
.

It also implies that :

Cor
. Mp is finitely additive.

Proof. Immediate from Claim (8)
,

HW.

Claim (c)
. Mp is othly additive (i

.
e. a promeasure)
,

Proof. This is automatic by compactness: if a clopen set &Sheare closed
,
heare compact

is a disjoint union oflopen (hence open) sets Lin
,
then all but finitelynEIN

many of these oogen sets have to be empty (beae there is a finite

subcover of (Unine) -

This construction equally works for A
,
for
my finite monempts A , and my

prob measures on A Linstead of up on 2:
= 10

,
13)
,
and we obtain a premeasure

M : = w
IN

on the algebra A of clopen subsets of AIN satisfying
M ((w]) = v /w.) v(wi) . ... - vlwn-1) ,

for
every

we A" and neIN
.


